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Abstract 

The aim of this paper is to determine the Fekete-Szegö inequality for the class 

   ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅) of normalized analytic functions 𝑓(𝑧) defined on the open unit disk for 

which 
𝑧(𝐷𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚 𝑓 (𝑧))′

𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 𝑓 (𝑧)

 lies in a region starlike with respect to 1 and symmetric with 

respect to the real axis by using the differential operator 𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 𝑓(𝑧) given by authors 

Oshah and Darus. As a special case of this result, Fekete-Szegö inequality for a class 

of functions that is defined by fractional derivatives is to be obtained too. 

Keywords: analytic function; starlike function; subordination; Fekete-Szegö 

inequality; differential operator. 

Introduction 

Let 𝐴denote the class of functions of the form 

𝒇(𝒛) =  𝒛 +∑𝒂𝒌𝒛
𝒌

∞

𝒌=𝟐

, (𝒛 ∈ 𝕌),                                              (𝟏) 

which is analytic in the open unit disc 𝕌 = {𝑧 ∶  𝑧 ∈ ℂ, |𝑧 |<  1}. Also, let 𝑆be the 

family of functions  𝑓 ∈ 𝐴, which are univalent. If the functions 𝑓(𝑧) and 𝑔(𝑧) are 

analytic in 𝕌; we say that 𝑓(𝑧) is subordinate to 𝑔(𝑧), which is written 𝑎𝑠 

𝒇 ≺ 𝒈or𝒇(𝒛)  ≺ 𝒈(𝒛) 

If a Schwarz function exists, 𝑤(𝑧); which (by definition) is analytic in 𝕌 with 𝑤(0)  =

 0 and |𝑤(𝑧)| < 1 in 𝕌 such that 𝑓(z)  =  𝑔(𝑤(𝑧)); z ∈ 𝕌. Further, let P denote the 

class of analytic functions in U such that  ℎ(𝑧) = 1 + 𝑝1 𝑧 +  𝑝2𝑧
2 +⋯, ℎ(0) = 1 

and ℜ𝑒ℎ(𝑧) > 0, ℎ(𝑧) =
1+𝑤(𝑧)

1−𝑤(𝑧)
  ,     for some 𝑧 ∈ 𝕌. 
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For two analytic functions𝑓(𝑧) =  𝑧 + ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=2 and 𝑔(𝑧)  =  𝑧 + ∑ 𝑏𝑛𝑧
𝑛∞

𝑛=2 their 

convolution (orHadamard product) is defined by 

(𝒇 ∗ 𝒈)(𝒛)  =  𝒛 +∑𝒂𝒏𝒃𝒏𝒛
𝒏.

∞

𝒏=𝟐

 

Let ∅ ∈ P, where ∅ (z) is an analytic function with positive real part on 𝐴 with 

∅ (0)  =  1, ∅′(0)  >  0, and let 𝑆∗(∅ ) be the class of functions in 𝑓 ∈ 𝑆 for which 

𝒛𝒇′ (𝒛)

𝒇 (𝒛)
≺ ∅ (𝒛),     (𝒛 ∈ 𝕌),                                                    (𝟐) 

and 𝐶(∅) be the class of functions in 𝑓 ∈ 𝑆 for which 

𝟏 + 
𝒛𝒇" (𝒛)

𝒇′ (𝒛)
≺ ∅ (𝒛),     (𝒛 ∈ 𝕌),                                               (𝟑) 

where ≺ denotes the subordination between analytic functions. 

These classes were defined and studied by Ma and Minda (1994). They have obtained 

the Fekete-Szegö inequality for the functions in the class 𝐶(∅). Since 𝑓 ∈ 𝐶(∅) if and 

only if 𝑧𝑓′ (𝑧) ∈ 𝑆∗(∅ ), we get the Fekete-Szegö inequality for functions in the class 

𝑆∗(∅). For a brief history of the Fekete-Szegö problem for the class of starlike, convex 

and close to convex functions have been mentioned by Mohammed and Darus (2010), 

Srivastava et al. (2001), Darus (2002), Al-Abbadi and Darus (2011), Ravichandran et 

al. (2004) and Al-Shaqsi and Darus (2008), Salma and Darus(2011) . 

Oshah and Darus (2014) introduced a differential operator 𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚  𝑓(𝑧) by: 

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇(𝒛) = 𝒛 +∑(

𝓵(𝟏 + (𝝀𝟏 + 𝝀𝟐)(𝒌 − 𝟏)) + 𝒅

𝓵(𝟏 + 𝝀𝟐(𝒌 − 𝟏)) + 𝒅
)

𝒎

𝑪(𝒏, 𝒌)𝒂𝒌𝒛
𝒌,

∞

𝒌=𝟐

           (𝟒) 

where 

𝑛,𝑚, 𝑑 ∈ ℕ0, 𝜆1 ≥ 𝜆2 ≥ 0, ℓ ≥ 0, and   𝐶(𝑛, 𝑘) = (
𝑘 + 𝑛 − 1

𝑛
) , 𝑘 = 2,3,4, ….  . 

Using the operator   𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 𝑓(𝑧). Let us define the class proposed as follows: 

Definition 1: 

Let ∅ ∈ P be a univalent starlike function with respect to 1, which maps the unit disc 

𝕌 onto a region in the right half plane and symmetric with respect to the real axis, 

 ∅ (0)  =  1, ∅′(0)  >  0. A function 𝑓 ∈ 𝐴 is in the class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅) 
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𝒛(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇 (𝒛))′

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇 (𝒛)

≺ ∅(𝒛).                                                         (𝟓) 

To prove our main results, the following lemma is required (Ma & Minda 1994). 

Lemma 1: 

If p1(z)  =   1 + c1 z +  c2z
2 +⋯, it is an analytic function with positive real part 

in 𝕌 then 

|𝐜𝟐 − 𝒗𝐜𝟏
𝟐| ≤ {

−𝟒𝒗 + 𝟐       𝐢𝐟         𝒗 ≤ 𝟎
           𝟐           𝐢𝐟   𝟎 ≤ 𝒗 ≤ 𝟎
𝟒𝒗 − 𝟐       𝐢𝐟    𝒗 ≥ 𝟏   

  . 

When 𝑣 <  0or 𝑣 >  1, the equality holds if and only if p1(z) is (1 +  z)/( 1 −  z)or 

one of its rotations. If 0 <  𝑣 <  1, then equality holds if and only if p1(z) is (1 +

 z2)/( 1 − z2)or one of its rotations. If 𝑣 =  0,the equality holds if and only if 

𝐩𝟏(𝐳) = (
𝟏 + 𝛂

𝟐
)
𝟏 + 𝐳

𝟏 − 𝐳
+ (

𝟏 − 𝛂

𝟐
)
𝟏 − 𝐳

𝟏 + 𝐳
    (𝟎 ≤ 𝛂 ≤ 𝟏; 𝐳 ∈ 𝕌) 

or one of its rotations. If 𝑣 =  1, the equality holds if and only if p1(z) is the reciprocal 

of one of the functions such that the equality holds in the case of 𝑣 = 0. Also the above 

upper bound is sharp, it can be improved as follows 

when 0 <  𝑣 <  1: 

|𝐜𝟐 − 𝒗𝐜𝟏
𝟐| + 𝒗|𝐜𝟏|

𝟐 ≤ 𝟐,   (𝟎 < 𝒗 ≤
𝟏

𝟐
) , 

and |c2 − 𝑣c1
2| + (1 − 𝑣)|c1|

2 ≤ 2,   (
1

2
< 𝑣 ≤ 1) . 

In the present paper, we obtained the Fekete-Szegö inequality for functions in a more 

general class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅) of functions, which we defined above. In addition, we 

applied the results to certain functions defined through convolution (or the Hadamard 

product) particularly we considered a class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝛾

(∅) of functions defined by 

fractional derivatives. The motivation of this paper is to generalize the Fekete-Szegö 

inequalities proved by Srivastava and Mishra (2000) for functions in the class 

ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝛾 (∅). 

Main Results 

Our main result is the following: 
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Theorem1 

Let ∅(𝑧) be an analytic function with positive ∅(z) = 1 + B1z + B2z
2+………. If 

f (z) is given by (1) and belongs to ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝛾 (∅) then 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| ≤

{
 
 
 
 
 

 
 
 
 
 

𝑩𝟐
(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

−
𝝁𝑩𝟏

𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

+
𝑩𝟏
𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝒊𝒇𝝁 ≤ 𝝈𝟏;

𝑩𝟏
(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝒊𝒇𝝈𝟏 ≤ 𝝁 ≤ 𝝈𝟐;    

−
𝑩𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

+
𝝁𝑩𝟏

𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

−
𝑩𝟏
𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

                                                 𝒊𝒇𝝁 ≥ 𝝈𝟐,

 (𝟔) 

where 

𝝈𝟏 =
(𝒏 + 𝟏)𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 − 𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐

} , (𝟕) 

𝝈𝟐 =
(𝒏 + 𝟏)𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 + 𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐

} . (𝟖) 

Proof 

For  𝑓(𝑧) ∈ ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅), let 

𝒑(𝒛) =
𝒛(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅

𝒏,𝒎 𝒇(𝒛))′

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇(𝒛)

=  𝟏 + 𝒃𝟏𝒛 + 𝒃𝟐𝒛
𝟐 +⋯ . (𝟗) 

Substituting (4) in (9) and comparing the coefficients of 𝑧2 and 𝑧3 on both sides in 

equation (9), we have 

(𝒏 + 𝟏) (
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝒎

𝒂𝟐 = 𝒃𝟏, 

and 

(𝒏 + 𝟐)(𝒏 + 𝟏) (
  𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

𝒂𝟑

= (𝒏 + 𝟏)𝟐 (
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

𝒂𝟐
𝟐 + 𝒃𝟐,                       (𝟏𝟎) 
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We wanted to find out the values for 𝑏1 and 𝑏2. Since ∅(𝑧) is univalent and 𝑝 ≺ ∅, 

the function 𝑝1(𝑧) =
1+∅−1(𝑝(𝑧))

1−∅−1(𝑝(𝑧))
=  1 + 𝑐1 𝑧 +  𝑐2𝑧

2 +⋯, is analytic and has a 

positive real part in U. Thus, we have 

𝒑(𝒛) = ∅(
𝒑𝟏(𝒛) − 𝟏

𝒑𝟏(𝒛) + 𝟏
).                                                                     (𝟏𝟏) 

From the equations (9) and (11), we obtain 

𝟏 + 𝒃𝟏 𝒛 + 𝒃𝟐𝒛
𝟐 +⋯ = ∅(

𝒄𝟏 𝒛 +  𝒄𝟐𝒛
𝟐 +⋯

𝟐 + 𝒄𝟏 𝒛 +  𝒄𝟐𝒛𝟐 +⋯
) 

= ∅ [
𝟏

𝟐
𝒄𝟏 𝒛 +

𝟏

𝟐
(𝒄𝟐 −

𝟏

𝟐
𝒄𝟏
𝟐) 𝒛𝟐 +⋯] 

= 𝟏 + 𝑩𝟏
𝟏

𝟐
𝒄𝟏 𝒛 + 𝑩𝟏

𝟏

𝟐
(𝒄𝟐 −

𝟏

𝟐
𝒄𝟏
𝟐) 𝒛𝟐 +⋯+𝑩𝟐

𝟏

𝟒
𝒄𝟏
𝟐𝒛𝟐 +⋯, 

and this implies 

𝑏1 =
1

2
𝐵1𝑐 1 and 𝑏2 =

1

2
𝐵1 (𝑐2 −

1

2
𝑐1
2) +

1

4
𝐵2𝑐1

2. 

Therefore, we have 

𝒂𝟑 − 𝝁𝒂𝟐
𝟐 =

𝑩𝟏
𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

{𝒄𝟐

− 𝒄𝟏
𝟐 [
𝟏

𝟐
(𝟏 −

𝑩𝟐
𝑩𝟏

+
𝑩𝟏

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏) (
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

𝝁

− (𝒏 + 𝟏)𝟐 (
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

))]} 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

[𝒄𝟐 − 𝒗𝒄𝟏
𝟐], 

where 
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𝒗 =
𝟏

𝟐
[𝟏 −

𝑩𝟐
𝑩𝟏

+
𝑩𝟏

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏) (
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

𝝁

− (𝒏 + 𝟏)𝟐 (
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

)]. 

If µ ≤ 𝜎1 , then by Lemma 1, we obtain 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| ≤

𝑩𝟐

(𝒏+𝟐)(𝒏+𝟏)
(

𝓵+𝟐𝓵𝝀𝟐+𝒅

𝓵+𝟐𝓵(𝝀𝟏+𝝀𝟐)+𝒅
)
𝒎

−
𝝁𝑩𝟏

𝟐

(𝒏+𝟏)𝟐
(

𝓵+𝓵𝝀𝟐+𝒅

𝓵+𝓵(𝝀𝟏+𝝀𝟐)+𝒅
)
𝟐𝒎

+

𝑩𝟏
𝟐

(𝒏+𝟐)(𝒏+𝟏)
(

𝓵+𝟐𝓵𝝀𝟐+𝒅

𝓵+𝟐𝓵(𝝀𝟏+𝝀𝟐)+𝒅
)
𝒎

. 

which is the first part of assertion (6). 

Similarly, if µ ≥  𝜎2,  we get 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| ≤ −

𝑩𝟐
(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

+
𝝁𝑩𝟏

𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

−
𝑩𝟏
𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

. 

If µ =  𝜎1, then equality holds if and only if 

𝒑𝟏(𝒛) = (
𝟏 + 𝜶

𝟐
)
𝟏 + 𝒛

𝟏 − 𝒛
+ (

𝟏 − 𝜶

𝟐
)
𝟏 − 𝒛

𝟏 + 𝒛
,    (𝟎 ≤ 𝜶 ≤ 𝟏; 𝒛 ∈ 𝕌) 

or one of its rotations. 

Also, if µ =  𝜎2, then 

𝟏

𝟐
[𝟏 −

𝑩𝟐
𝑩𝟏

+
𝑩𝟏

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏)𝝁(
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

− (𝒏 + 𝟏)𝟐 (
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

)] = 𝟎. 

Therefore, 
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𝟏

𝒑𝟏(𝒛)
= (

𝟏 + 𝜶

𝟐
)
𝟏 + 𝒛

𝟏 − 𝒛
+ (

𝟏 − 𝜶

𝟐
)
𝟏 − 𝒛

𝟏 + 𝒛
,    (𝟎 ≤ 𝜶 ≤ 𝟏; 𝒛 ∈ 𝕌). 

Finally, we see that 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| =

𝑩𝟏

𝟐(𝒏+𝟐)(𝒏+𝟏)
(

𝓵+𝟐𝓵𝝀𝟐+𝒅

𝓵+𝟐𝓵(𝝀𝟏+𝝀𝟐)+𝒅
)
𝒎

|𝒄𝟐 − 𝒄𝟏
𝟐 [

𝟏

𝟐
(𝟏 −

𝑩𝟐

𝑩𝟏
+

𝑩𝟏

(𝒏+𝟏)𝟐
(

𝓵+𝓵𝝀𝟐+𝒅

𝓵+𝓵(𝝀𝟏+𝝀𝟐)+𝒅
)
𝟐𝒎

((𝒏 + 𝟐)(𝒏 + 𝟏)𝝁 (
𝓵+𝟐𝓵(𝝀𝟏+𝝀𝟐)+𝒅

𝓵+𝟐𝓵𝝀𝟐+𝒅
)
𝒎

− (𝒏 +

𝟏)𝟐 (
  𝓵+𝓵(𝝀𝟏+𝝀𝟐)+𝒅

𝓵+𝓵𝝀𝟐+𝒅
)
𝟐𝒎

))]|, 

and 

𝒎𝒂𝒙 |
𝟏

𝟐
[𝟏 −

𝑩𝟐
𝑩𝟏

+
𝑩𝟏

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏)𝝁(
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

− (𝒏 + 𝟏)𝟐 (
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

)]| ≤ 𝟏 , (𝝈𝟏 ≤ 𝝁 ≤ 𝝈𝟐). 

Therefore using Lemma 1, we get 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| =

𝑩𝟏
𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

|𝒄𝟏|

≤
𝑩𝟏

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

, (𝝈𝟏 ≤ 𝝁 ≤ 𝝈𝟐). 

If 𝜎1 ≤ 𝜇 ≤ 𝜎2 

𝒑𝟏(𝒛) =
𝟏+𝜶𝒛𝟐

𝟏−𝜶𝒛𝟐
 ,  𝟎 ≤ 𝜶 ≤ 𝟏. 

Now result will be followed by an application of Lemma 1. To show that these 

bounds are sharp, we define the functions   𝑄∅
𝛿(𝛿 = 2,3, … ) are defined by 

𝒑(𝒛) =
𝒛(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅

𝒏,𝒎   𝑸∅
𝜹(𝒛))

′

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎  𝑸∅

𝜹(𝒛)
= ∅(𝒛𝜹−𝟏),   𝑸𝜹

∅(𝟎) = 𝟎 = (𝑸𝜹
∅(𝟎)) − 𝟏′, 



Journal of Applied Science                              Issue (10)    April (2023) 

31 

and functions 𝐹𝛾 and  𝐸𝛾(0 ≤ 𝛾 < 1) by 

𝒛(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝑭𝜸(𝒛))

′

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝑭𝜸(𝒛)

= ∅(
𝒛(𝒛 + 𝜸)

𝟏 + 𝜸𝒛
) , 𝑭𝜸(𝟎) = 𝟎 = (𝑭𝜸(𝟎))

′

− 𝟏, 

to show that the bounds are sharp, and 

𝒛(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎   𝑬𝜸(𝒛))

′

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎   𝑬𝜸(𝒛)

= ∅ (−
𝒛(𝒛 + 𝜸)

𝟏 + 𝜸𝒛
) ,   𝑬𝜸(𝟎) = 𝟎 = (  𝑬𝜸(𝟎))

′

− 𝟏. 

It is obvious that, the functions of 𝑄∅
𝛿, 𝐹𝛾, 𝐸𝛾 ∈ ℳ𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚 (∅), 𝑄∅ ≔ 𝑄∅
2 can also be 

written. The equality holds for µ < 𝜎1or µ > 𝜎2, if and only if 𝑓 is𝑄∅ or one of its 

rotations. The equality holds when 𝜎1 < µ < 𝜎2 if and only if 𝑓is 𝑄∅
3 or one of its 

rotations. The equality holds for µ = 𝜎1, if and only if 𝑓 is   𝐹𝛾 or one of its rotations. 

The equality holds for µ = 𝜎2, if andonly if 𝑓is   𝐸𝛾 or one of its rotations. 

Remark 1 

Then, in view of Lemma 1, Theorem1can be improved if 𝜎1 ≤ µ ≤ 𝜎2. 

Now, if 

(𝒏 + 𝟏)𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
𝑩𝟏

𝟐 + 𝑩𝟐

𝑩𝟏
𝟐 } 

gives 𝜎3, then for the values of 𝜎1 ≤ µ ≤ 𝜎3 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| +

(𝒏 + 𝟏)𝟐

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)𝑩𝟏
𝟐
(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

[𝑩𝟏 − 𝑩𝟐

+
𝑩𝟏
𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏) (
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

𝝁

− (𝒏 + 𝟏)𝟐 (
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

)] |𝒂𝟐
𝟐|

≤
𝑩𝟏

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

 

is obtained. 
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Likewise 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| +

(𝒏 + 𝟏)𝟐

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)𝑩𝟏
𝟐
(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

[𝑩𝟏 + 𝑩𝟐

−
𝑩𝟏
𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

((𝒏 + 𝟐)(𝒏

+ 𝟏) (
𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅
)

𝒎

𝝁

− (𝒏 + 𝟏)𝟐 (
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

)] |𝒂𝟐
𝟐|

≤
𝑩𝟏

(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

 

is obtained for the values 𝜎3 ≤ 𝜇 ≤ 𝜎2. 

Proof. 

For the values 𝜎1 ≤ 𝜇 ≤ 𝜎3, we have 

|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| + (𝝁 − 𝝈𝟏)|𝒂𝟐|

𝟐 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

|𝒄𝟐 − 𝒗𝒄𝟏
𝟐|

+ (𝝁 − 𝝈𝟏)
𝑩𝟏
𝟐

𝟒(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

|𝒄𝟏|
𝟐 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

|𝒄𝟐 − 𝒗𝒄𝟏
𝟐| 

+(𝝁 −  
(𝒏 + 𝟏)𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)𝑩𝟏
𝟐
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{(𝑩𝟐

−𝑩𝟏) + 𝑩𝟏
𝟐})

𝑩𝟏
𝟐

𝟒(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

|𝒄𝟏|
𝟐 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

{
𝟏

𝟐
|𝒄𝟐 − 𝒗𝒄𝟏

𝟐| + 𝒗|𝒄𝟏|
𝟐} 

≤
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

. 

Similarly, for the values of 𝜎3 ≤ 𝜇 ≤ 𝜎2 we write 
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|𝒂𝟑 − 𝝁𝒂𝟐
𝟐| + (𝝈𝟐 − 𝝁)|𝒂𝟐|

𝟐

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

|𝒄𝟐 − 𝒗𝒄𝟏
𝟐|

+ (𝝈𝟐 − 𝝁)
𝑩𝟏
𝟐

𝟒(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

|𝒄𝟏|
𝟐 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

|𝒄𝟐 − 𝒗𝒄𝟏
𝟐|

+ (
(𝒏 + 𝟏)𝟐

(𝒏 + 𝟐)(𝒏 + 𝟏)𝑩𝟏
𝟐
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{(𝑩𝟐

− 𝑩𝟏) + 𝑩𝟏
𝟐}   − 𝝁)

𝑩𝟏
𝟐

𝟒(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)

𝟐𝒎

|𝒄𝟏|
𝟐 

=
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

{
𝟏

𝟐
|𝒄𝟐 − 𝒗𝒄𝟏

𝟐| + (𝟏 − 𝒗)|𝒄𝟏|
𝟐} 

≤
𝑩𝟏

𝟐(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

 

Therefore, Remark 1 remains true. 

Applications to Functions Defined by Fractional Derivatives 

For fixed   𝑔 ∈ 𝐴, let ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝑔

(∅) be class of functions 𝑓 ∈ 𝐴 for which   (𝑓 ∗ 𝑔) ∈

ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅). In order to introduce the class ℳ𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚,𝛾
(∅) we need the following: 

Definition 2 (Owa & Srivastava, 1987) Let 𝑓 be analytic function in a simply-

connected region of the z- plane containing the region. The fractional derivative of 𝑓  

order 𝛾  is defined by 

𝑫𝒛
𝜸
𝒇(𝒛) =

𝟏

𝚪(𝟏 − 𝜸)

𝒅

𝒅𝒛
∫

𝒇(𝜻)

(𝒛 − 𝜻)𝜸
𝒅𝜻, (𝟎 ≤ 𝜸 < 𝟏)

𝒛

𝟎

, 

where the multiplicity of (𝑧 − 𝜁)𝛾 is removed by requiring that log(𝑧 − 𝜁)𝛾 is real for 

(𝑧 − 𝜁)𝛾 > 0 . Using the above definition and its known extensions involving 

fractional derivatives and fractional integrals, Owa and Srivastava (1987) introduced 

the operator Ω𝛾: 𝐴 ⟶ 𝐴  defined by 

(𝛀𝜸𝒇)(𝒛) = 𝚪(𝟐 − 𝜸)𝒛𝜸𝑫𝒛
𝜸
𝒇(𝒛),   (𝜸 ≠ 𝟐, 𝟑, 𝟒, … ). 

The class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝛾

(∅) consists of the functions of 𝑓 ∈ 𝐴 for which Ω𝛾𝑓 ∈

ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅). 
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It can be noted that, when 

𝒈(𝒛) = 𝒛 +∑
𝚪(𝒏 + 𝟏)𝚪(𝟐 − 𝜸)

𝚪(𝒏 + 𝟏 − 𝜸)
𝒛𝒏

∞

𝒏=𝟐

, 

ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝛾 (∅) is the special case of ℳ𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚,𝑔 (∅) . 

Let 

𝒈(𝒛) = 𝒛 +∑𝒈𝒏𝒛
𝒏

∞

𝒏=𝟐

, (𝒈𝒏 > 𝟎). 

Since 

𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇(𝒛) = 𝒛 +∑(

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐)(𝒌 − 𝟏) + 𝒅

𝓵 + 𝓵𝝀𝟐(𝒌 − 𝟏) + 𝒅
)

𝒎

𝒂𝒏𝒛
𝒏 ∈

∞

𝒏=𝟐

𝓜𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎,𝒈 (∅), 

if and only if 

(𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇 ∗ 𝒈)(𝒛)

= 𝒛 +∑(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐)(𝒌 − 𝟏) + 𝒅

𝓵 + 𝓵𝝀𝟐(𝒌 − 𝟏) + 𝒅
)

𝒎

𝒂𝒏𝒈𝒏𝒛
𝒏 ∈

∞

𝒏=𝟐

𝓜𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 (∅). 

The estimation of the coefficient for the functions in the class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝑔 (∅) is obtained 

from the estimation that corresponds to the functions of 𝑓 in class ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 (∅). If 

Theorem 1 is applied for operator (4), Theorem 2 is obtained after an obvious change 

of the parameter 𝜇. 

Theorem 2 

Let g(z) = z +∑ 𝑔𝑛𝑧
𝑛∞

𝑛=2 , (𝑔𝑛 > 0) and let the function ∅(𝑧) be given by ∅(𝑧) =

1 + ∑ 𝐵𝑛𝑧
𝑛∞

𝑛=2 . If operator given by (4) belongs to ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝑔 (∅), then 
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|𝒂𝟑 − 𝝁𝒂𝟐
𝟐|

≤

{
 
 
 
 
 

 
 
 
 
 𝑩𝟐
𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

−
𝝁𝑩𝟏

𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

+
𝑩𝟏
𝟐

𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝐢𝐟𝝁 ≤ 𝝈𝟏;

𝑩𝟏
𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)

(
𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝐢𝐟𝝈𝟏 ≤ 𝝁 ≤ 𝝈𝟐;

−
𝑩𝟐

𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

+
𝝁𝑩𝟏

𝟐

(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

−
𝑩𝟏
𝟐

𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝐢𝐟𝝁 ≥ 𝝈𝟐,

 

where 

𝝈𝟏

=
𝒈𝟐
𝟐(𝒏 + 𝟏)𝟐

𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 −𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐 }, 

𝝈𝟐

=
𝒈𝟐
𝟐(𝒏 + 𝟏)𝟐

𝒈𝟑(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
  𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 +𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐 }. 

The result is sharp. 

Since 

(𝛀𝜸𝑫𝝀𝟏,𝝀𝟐,𝓵,𝒅
𝒏,𝒎 𝒇)(𝒛) = 𝒛 + ∑

𝚪(𝒏+𝟏)𝚪(𝟐−𝜸)

𝚪(𝒏+𝟏−𝜸)
(
𝓵+𝓵(𝝀𝟏+𝝀𝟐)+𝒅

𝓵+𝓵𝝀𝟐+𝒅
)
𝒎

𝒂𝒏𝒛
𝒏∞

𝒏=𝟐 , 

we have 

𝒈𝟐: =
𝚪(𝟑)𝚪(𝟐 − 𝜸)

𝚪(𝟑 − 𝜸)
=

𝟐

𝟐 − 𝜸
, 

and 

𝒈𝟐: =
𝚪(𝟒)𝚪(𝟑 − 𝜸)

𝚪(𝟒 − 𝜸)
=

𝟔

(𝟐 − 𝜸)(𝟑 − 𝜸)
 . 

Theorem 2 is reduced to Theorem 3 for 𝑔2 and 𝑔3 given by above equalities. 

Theorem 3 

Let g(z) = z +∑ 𝑔𝑛𝑧
𝑛∞

𝑛=2 , (𝑔𝑛 > 0) and let the function ∅(𝑧) be given by ∅(𝑧) = 1 +

∑ 𝐵𝑛𝑧
𝑛∞

𝑛=2 . If the operator given by (4) belongs to ℳ𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚,𝑔 (∅) , then 
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|𝒂𝟑 − 𝝁𝒂𝟐
𝟐|

≤

{
 
 
 
 
 

 
 
 
 
 
𝑩𝟐(𝟐 − 𝜸)(𝟑 − 𝜸)

𝟔(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

−
𝝁(𝟐 − 𝜸)𝟑𝑩𝟏

𝟐

𝟒(𝟑 − 𝜸)(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

+
𝑩𝟏
𝟐(𝟐 − 𝜸)(𝟑 − 𝜸)

𝟔(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎 𝒊𝒇𝝁 ≤ 𝝈𝟏;

𝑩𝟏(𝟐 − 𝜸)(𝟑 − 𝜸)

𝟔(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

𝒊𝒇𝝈𝟏 ≤ 𝝁 ≤ 𝝈𝟐;

−
𝑩𝟐(𝟐 − 𝜸)(𝟑 − 𝜸)

𝟔(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

+
𝝁(𝟐 − 𝜸)𝑩𝟏

𝟐

𝟒(𝒏 + 𝟏)𝟐
(

𝓵 + 𝓵𝝀𝟐 + 𝒅

𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝟐𝒎

−
𝑩𝟏
𝟐(𝟐 − 𝜸)(𝟑 − 𝜸)

𝟔(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎 𝒊𝒇𝝁 ≥ 𝝈𝟐,

 

where 

𝝈𝟏

=
𝟐(𝟑 − 𝜸)(𝒏 + 𝟏)𝟐

𝟑(𝟐 − 𝜸)(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 −𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐 }, 

𝝈𝟐

=
𝟐(𝟑 − 𝜸)(𝒏 + 𝟏)𝟐

𝟑(𝟐 − 𝜸)(𝒏 + 𝟐)(𝒏 + 𝟏)
(

𝓵 + 𝟐𝓵𝝀𝟐 + 𝒅

𝓵 + 𝟐𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅
)
𝒎

(
𝓵 + 𝓵(𝝀𝟏 + 𝝀𝟐) + 𝒅

𝓵 + 𝓵𝝀𝟐 + 𝒅
)

𝟐𝒎

{
(𝑩𝟐 +𝑩𝟏) + 𝑩𝟏

𝟐

𝑩𝟏
𝟐 }. 

The result is sharp. 

Remark 2 

When ℓ = 1, 𝜆2 = 𝑑 = 0, the above Theorem 3 reduces to a recent result of Al-Shaqsi 

and Darus [(2008) Theorem 3.3, P. 440]. When 𝑚 = 𝑛 = 𝜆2 = 𝜆1 = 𝑑 = 0, ℓ =

1, 𝐵1 =
8

𝜋2
 , 𝐵2 =

16

3𝜋2
, the above Theorem 3 reduces to a recent result of Srivastava 

and Mishra [(2000), Theorem 8, P.64] for a class of functions for which Ω𝛾𝑓(𝑧) is a 

parabolic starlike functions see [Goodman (1991) and R∅nning (1993)] . 

Conclusions 

This paper determined the Fekete-Szegö inequalities for a normalised analytic function 

f (z) defined on the open unit disc for which 
𝑧(𝐷𝜆1,𝜆2,ℓ,𝑑

𝑛,𝑚 𝑓 (𝑧))′

𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 𝑓 (𝑧)

 lies in a region starlike 

with respect to 1 and that it is symmetric with respect to the real axis by using the 

operator 𝐷𝜆1,𝜆2,ℓ,𝑑
𝑛,𝑚 𝑓 (𝑧). As a special case of this result, Fekete-Szegö inequality for a 

class of functions defined by fractional derivatives has been obtained too. 
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