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Abstract

The aim of this paper is to determine the Fekete-Szeg6 inequality for the class
Mﬁffb&d(@) of normalized analytic functions f(z) defined on the open unit disk for

L zZ(Dy L f @)
which ——mm
Dy ay6af @)

respect to the real axis by using the differential operator D/{‘l’_rﬁz_ +af (2) given by authors

Oshah and Darus. As a special case of this result, Fekete-Szeg6 inequality for a class
of functions that is defined by fractional derivatives is to be obtained too.

lies in a region starlike with respect to 1 and symmetric with

Keywords: analytic function; starlike function; subordination; Fekete-Szeg6
inequality; differential operator.

Introduction

Let Adenote the class of functions of the form

f(z)=2z + a,z*,(z € U), (D
,Z:z )

which is analytic in the open unit disc U ={z: z € C,|z|< 1}. Also, let She the
family of functions f € A, which are univalent. If the functions f(z) and g(z) are
analytic in U; we say that f(z) is subordinate to g(z), which is written as

f=gorf(z) <g(2)

If a Schwarz function exists, w(z); which (by definition) is analytic in U withw(0) =
0 and |w(z)| < 1in Usuch that f(z) = g(w(2)); z € U. Further, let P denote the
class of analytic functions in U such that h(z) =1+ p, z + pyz? + -, h(0) =1

and Reh(z) > 0, h(z) = 2w@

—= forsomez € U.
1-w(2)
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For two analytic functionsf(z) = z + Y5, ayz"and g(z) = z + XYy-, b,z"their
convolution (orHadamard product) is defined by

)@ = 2+ ) apbuz™
n=2

Let @ € P, where @ (z) is an analytic function with positive real part on A with
®(0) = 1,0'(0) > 0,and let S*(@ ) be the class of functions in f € S for which

zf' (2)
0 <0(z), (z€el), (2)
and C () be the class of functions in f € S for which
zf" (2)
1+ o) <0 (z), (z el 3)

where < denotes the subordination between analytic functions.

These classes were defined and studied by Ma and Minda (1994). They have obtained
the Fekete-Szeg0 inequality for the functions in the class C(@). Since f € C(9) if and
only if zf' (z) € S*(@ ), we get the Fekete-Szegd inequality for functions in the class
S*(@). For a brief history of the Fekete-Szeg6 problem for the class of starlike, convex
and close to convex functions have been mentioned by Mohammed and Darus (2010),
Srivastava et al. (2001), Darus (2002), Al-Abbadi and Darus (2011), Ravichandran et
al. (2004) and Al-Shagsi and Darus (2008), Salma and Darus(2011) .

Oshah and Darus (2014) introduced a differential operator D/{ll',’j{z‘ va f(2) by:

P+ (A + ) (k—1) +d\™
D} s eaf (2) =Z+z< ( ;&1(_:;2(,:)_( ) -I-))d+ ) C(n k)a,z*, (4)
k=2

where

n,m,d € Ny Ay =4, = 0,£>0,and C(n,k) = ( k=234,...

k+n-— 1)
n )
Using the operator D;"" , ,f(2). Let us define the class proposed as follows:

Definition 1:

Let @ € P be a univalent starlike function with respect to 1, which maps the unit disc
U onto a region in the right half plane and symmetric with respect to the real axis,
@ (0) = 1,8'(0) > 0. A function f € Aisinthe class M, , ()
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( Alzlzl’df( ))
/1112£’df( )

< 0(2). (5)

To prove our main results, the following lemma is required (Ma & Minda 1994).
Lemma 1:

Ifpi(z) = 14 ¢,z + c,z% + -+, itis an analytic function with positive real part
in U then

—4v+2 if v=<0
|c; —vei| < 2 if 0<sv<0.
4v-2 if v=>1

When v < Oor v > 1, the equality holds if and only if p;(z) is (1 + z)/(1— z)or
one of its rotations. If 0 < v < 1, then equality holds if and only if p,(z)is (1 +
z%)/( 1 — z*)or one of its rotations. If v = 0,the equality holds if and only if

1+(x)1+z (1—0()1—

pﬂ”=( 2 J1-z7\"2 J1+z

O0<a<1zel)

orone of its rotations. If v = 1, the equality holds if and only if p, (z) is the reciprocal
of one of the functions such that the equality holds in the case of v = 0. Also the above
upper bound is sharp, it can be improved as follows

when0 < v < 1.
) 1
|c; —vei| +viey |2 < 2, (0<v§2>,

and |c, — vc?| + (1 —v)|c,|? < 2, (§< v < 1).

In the present paper, we obtained the Fekete-Szeg6 inequality for functions in a more
general class M , (@) of functions, which we defined above. In addition, we

applied the results to certain functions defined through convolution (or the Hadamard
product) particularly we considered a class M, ,(@) of functions defined by

fractional derivatives. The motivation of this paper is to generalize the Fekete-Szeg6
inequalities proved by Srivastava and Mishra (2000) for functions in the class

nmy
,11 AZ{’d(@)
Main Results

Our main result is the following:
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Theoreml

Let @(z) be an analytic function with positive @(z) = 1 + Byz + B,z%+.......... If
f (2) is given by (1) and belongs to M;""", , (®) then

B, £+200,+d \"  uB? L+LA,+d ™
(n+2)(n+1)(4’+2£’(/11+/12)+d> _(n+1)2<{’+{’(ll+lz)+d)
B? C+282,+d \™.
+(n+2)(n+1)<t’+2£’(ll+/12)+d) i< oy
B, 0+202,+d "
a; — paj| < (n+2)(n+1)<4’+2€(/11+/12)+d) ifor < p <02 (6)
B, £+201,+d \"  uB? C+eA,+d ™
_(n+2)(n+1)(t’+2£’(/11+lz)+d> (n+1)2<t’+£’(/11+/12)+d)
B? +282,+d \™ .
- ( ) ifu = o,
M+2)(n+1)\e+28(4 +4,) +d
where

(n + 1)? ( P+202,+d )m <e +0(A + Ay) + d)z"‘ {(132 —-B)+ 312} -

N 2D+ D)\C+20(A, + 4 + d e+22,+d B

 (n+1)? ( +201,+d )"‘ £+ 204 + 1) +d\*™ ((By + By) + B> o
2T M2+ D\C+ 204 + 4 + d L+0A+d B,? (®

Proof

For f(z) € Mﬂ'ffzjjd((b), let

Z(D}lﬂz,e,df(l))'
nm
D; 4, eaf (2)

p(Z) = =1+ bll + szz + (9)

Substituting (4) in (9) and comparing the coefficients of z2 and z3 on both sides in
equation (9), we have

4+ 00 +2) +d\"
(n+1)< e+0A,+d az = by,
and
C+20(A +4y) +d\"
(n+2)(n+1)< e+ 20h, +d as

P+0(A +1,) +d
e+01,+d

2m
= (n + 1)2 < ) azz + bz, (10)
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We wanted to find out the values for b, and b,. Since @(z) is univalent and p < @,
1+~ (p(2)) _

the function p,(z) = e 1+ ¢z + cyz? + -+, is analytic and has a
positive real part in U. Thus, we have
p1(2) — 1>
z)=0|—————). 11
p(z) <p1(z)+1 (11)

From the equations (9) and (11), we obtain

2 o C1 2 + CzZZ+"‘
1+ blz+b2Z + —@

24c1z + cpz% 4 -

1 1
=®[iclz+§(02_icl >z +]

1 1 1 1
=1+ BlECI Z+ BIE(CZ —Eclz) ZZ + .-+ Bzzclzzz + -,
and this implies
1

bl = %Blc 1 and b2 = %Bl (CZ - Eclz) + iBzclz.

Therefore, we have

- B, ( €+202,+d )"‘
Bl S T 2D+ D\ + 20 + A + d) |
1 B
—e2l=l 1222
¢"1z| 175,
B, £+ 02, +d )2’"
2
+(n+1)2<e+e(al+az)+d (n+2)(n

) L+20(A + Ay) +d\"
P+201,+d

(n+1)? £+ 00 + 1) + A\
n P+ 61, +d

_ B, ( £+2€2, +d )m[ .
T2m+2)(n+ D)\E+ 20, + ) +d) 2TV

where
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_1 Bz Bl '€+'€Az+d >2m
v=3|1 Bl+(n+1)2(t’+t’(/11+/12)+d (n+2)(n
£+ 20 +Ax) +d\"
) €+ 202, +d
2m
L+0(A+2,)+d
—(n+1)?2 (A1 +4;) .
0+ 01, +d

If u < oy ,then by Lemma 1, we obtain

lag — paj| <

- (n+2)(n+1)

B ( £+2815+d )m uB? (
£+28(A1+22)+d

T (n+1)?

B? (
(n+2)(n+1)

which is the first part of assertion (6).

Similarly, if p > gy,

|as — pa3| <

we get

B,

0+202,+d )m

£+28(A1+22)+d

P+0Ar+d )2’" +
+8(A1+A2)+d

T+ 2)n+1)

puBi (

Tt 12
B?

( £+262, +d )m
P+20(A +4,)+d

£+ 02, +d )2"‘

P+e(A +2,) +d

m

T m+2)(n+1)

( £+201,

If u = oy, then equality holds if and only if

1

p1(2) =
or one of its rotations.

Also, if u = a5, then

2| B,

Therefore,

+a)1+z+(1
2 1-2z

—a>1—z
2

1+2z

T2

B, ( £+01,+d >2m
P+0(A + 1) +d

+ 1)u<

—(n+1)2<

O+ 20 +4y) +d\"
?+202;, +d

L+ +1,)+d

t+e1,+d

+d>

P+20(A +1,) +d

, 0<a<1,zel)

n+2)(n

2m
) ~o.
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1 (1+a)1+z (1—0{)1—2

_ , (0<a<1;zel).
P1(2) 2 1—z+ 2 J1+z ( “« z )

Cy — |:% <1 - — +
2m m
B4 ( +825+d ) <(n+ 2)(n+ 1)” (t’+2t’(/11+,12)+d) _ (n+

(n+1)2 \L+L(A1+A2)+d L+28A5+d
1)? ( e+£(,11+/12)+d)2"‘
£+82,+d

Finally, we see that

B ( 0+281,+d )m

| —Haz | 2(n+2)(n+1) \£+28(A1+1z)+d

and
11 B,
maxz Bl
B, L+ 01 +d "
TS (t’ + (A1 + Ap) + d) (n+2)(n
L+20(A + 1) +d\"
+1u (41 + 47)
€+262, +d
£+ 004 + 1) +d\"
_(n+1)2< £+;AZ4-Zd ) <1, (algﬂgﬂz).
Therefore using Lemma 1, we get
| 2| = B, ( £+202,+d )mll
BRI T M+ D\ e+ 2t + ) v ) !
B, ( £+20A, +d )m oo
S mTDmTD\eT 20, +2,) 1d) (C1SH=)

Ifo, <u<o,

1+az?
p1(2) = T 0<ac<l.

Now result will be followed by an application of Lemma 1. To show that these
bounds are sharp, we define the functions Qg (6 = 2,3,...) are defined by

z(D :{ﬂzed Qg(z)),
/11 A2.6.d Q3(2)

p(2) = =9(z*), @3(0) =0 = (Q(®)) -
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and functions F, and E,(0 <y <1) by

z(D}), eaFy(2)) (Z(Z+y)

F,(0)=0=(F,0) -1,
D;"l"'izlmFy(z) 1+yz> £ ( L€ )

to show that the bounds are sharp, and

Z(D:{fﬁz,ad E,(2)) B (_ z(z+7y)

, E,(00=0=( E,(0) ,—1.
D;ﬂz,t’,d E,(2) 1+yz) £ ( £ )

It is obvious that, the functions of Qg, Fy, E, € M7 , (), Qg = Q can also be
written. The equality holds for p < g;0r u > oy, if and only if f isQy or one of its
rotations. The equality holds when o, < p < g, if and only if fis QS or one of its
rotations. The equality holds for u = oy, if and only if f is F, or one of its rotations.
The equality holds for p = g, if andonly if fis E., or one of its rotations.

Remark 1
Then, in view of Lemma 1, Theoremlcan be improved if o; < p < o,.

Now, if

(n + 1)? ( £+20A,+d )m £+ 200y +1,) +d\"™ (B, +B,
m+2)(n+1)\+26(A,+4,)+d €+ 02, +d B.*

gives a3, then for the values of 0; < pu < 03

n+1)2 L4+2(A; + 24, +d\*™
|a3_”a%|+ ( ) < ( 1 Z) > Bl—BZ

2(n+2)(n+1)B? £+ €A, +d

2m

B} ( £+ 62, +d ) (n+ 2)(n

+(n+1)2 +€(A+2,)+d

) +20(A +A) +d\"
e+201,+d

£+ 0Ny + Ay) + d\"™"
_ 12 2
(n+1) < £+0A,+d ||

- B, ( £+202,+d )"’

is obtained.

31



Journal of Applied Science Issue (10) April (2023)

Likewise

| I+ (n + 1)2 t’+t’(/11+,12)+d2mB B
a; — ua
3~ B 2(n+2)(n+1)B? £+62,+d 12

B? ( £+0a,+d )2"‘
m+1)2\+€(A,+4,)+d

‘1) L+ 20(A + Ay) +d\™
P21, +d

n+2)(n

|az|

B, ( €+202,+d )"‘
Smtrm+D\e+ 20, +4,) + d

£+ 04 + A,) + A\
P+, +d

—(n+1)2<

is obtained for the values o; < u < 0.
Proof.

For the values g, < 1 < o3, we have

|az — na3| + (u— a1)la,|?

B, ( £+262, +d >m|

T2m+2)(n+ D\P+20(A, +1,) + d — vei

o B ( £+ 62, +d )Zml 2

oo mrz\e+ e, + 4 +d) '
B, £+20,+d \" )

= ( > |e2 — vei|

2 +2)(n+ 1) \E+28(A; + A) +d

(n + 1)? P+200,+d \"[ £+E(A +21)+d\
G ( ) (.
m+2)(n+1)B3\£+28(A, +43) +d e+, +d
By + BY) B? ( £+ 81, +d )Zml 2
0 An+ D2\e+ e + A +d) !

B B, ( £+262, +d )m{l
T 2m+2)(n+ D)\ +28(A+2,)+d/) (2

|c; —vei| + vlcllz}

B, ( £+202,+d )m
S Imt D) m+D\+ 20, + 4,) + d

Similarly, for the values of o3 < u < g, we write
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as —Iia%| + (02 — wlay|?
B B, ( £+262, +d >m| 2
T2+ 2+ D\ + 20, + A +d) 12TV

e ) B2 ( £+ 01, +d )2’"| 2

2T 2 \er et ) +d)
B B, ( £+262, +d >'"| vel|
T2m+2)(mr D\ +26(A + A +d) 12TV

(n + 1)2 ( £+2800,+d >’" e+e(,11+,12)+d2’"{3
m+2)(n+1)B3\+28(Ay +2;) +d L+ 02, +d (B,

2m

B ( £+ €A, +d ) e 2
An+ 12\ e+ A + ) +d) 't

B+ B —u)

_ B, ( £+262, +d )m{1| e IIZ}

2 +2)(n+ 1)\ +20(A +4y) +d 2162 — V€] (1-v)|cq
< B, ( £+2801,+d )m
T2m+2)(n+ 1)\ +28(4; +24,) +d

Therefore, Remark 1 remains true.
Applications to Functions Defined by Fractional Derivatives

For fixed g € A, let M;"7"%, () be class of functions f € A for which (f * g) €
M 2a(9). In order to introduce the class M, | () we need the following:

Definition 2 (Owa & Srivastava, 1987) Let f be analytic function in a simply-
connected region of the z- plane containing the region. The fractional derivative of f
order y is defined by

1 d [ f@
ra-pdz) @-

D}f(2) = g, (O=sy<1,

where the multiplicity of (z — )Y is removed by requiring that log(z — {)? is real for
(z—Q0)Y¥ > 0. Using the above definition and its known extensions involving
fractional derivatives and fractional integrals, Owa and Srivastava (1987) introduced
the operator QY: A — A defined by

Q) (2) =T(2—-y)z'DYf(z), (¥ #2,3,4,...).

The class M;""", (@) consists of the functions of f €A for which Q'f €
M/{;‘le r#rd (Q) ’

33



Journal of Applied Science Issue (10) April (2023)

It can be noted that, when

o Tm+ore-y |,
g(z)‘”z Inm+1-vy) z

n=

My, (@) is the special case of M7, ((9) .

Let

gz)=z+ Z gnz", (gn > 0).
n=2

Since

. L+0A+2)(k—1) +d\" .
D}l (@) =7+ ) < trik-Drd ) 7 Midea®,
n=2

if and only if

( A1, Azt’df g)(z)

[+ A+ A)(k—1) +d\"
+Z< £+ bA(k—1)+d WngnZ" €M, 0a(®)

The estimation of the coefficient for the functions in the class M. /{1 ’/’f%, 4 (@) is obtained
from the estimation that corresponds to the functions of f in class Mﬂ"’;‘z,{,,d((b). If

Theorem 1 is applied for operator (4), Theorem 2 is obtained after an obvious change
of the parameter u.

Theorem 2

Letg(z) =z +), -, gnz™, (gn > 0) and let the function @(z) be given by @(z) =
1+ Y-, Byz™. If operator given by (4) belongs to M;"7"9, (), then
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laz — paj]|
( B, ( £+202, +d >'" uB? ( £+ 01, +d )2"‘
gzsm+2)(n+ 1)\l +28(A1+2,) +d mM+1)2\+€(A,+4,)+d
B3 £+202,+d \™.
+ ( ) ifu<oy;

<) B, ( €+202,+d )’"_f e
- g+ 2)n+ D)\C+ 2004, + A5) +d) Cr=H=092
B, ( £+202, +d >'" uB? ( £+ 01, +d )2"‘
gzsm+2)n+ 1)\l +28(A; +1,) +d m+1)2\+€(A,+4,)+d
B £+202,+d \™.

- ( ) ifu > o,,
where
1

_ gim+1)? ( £+201,+d )m £+ (A +2y) + d\*™ ((B, — By) + B>
T gsm+2)m+ 1)\ +28(A +2,) +d £+62,+d B> '

)

_ gin+1)? ( £+201,+d )m £+ Ay +2) +d\*™ ((B, + By) + B>
T gsm+2)m+ 1)\ + 284 +2,) +d £+ €2, +d B> '

The result is sharp.

Since
(DY, 0 af)(@) = 7+ Do, D (MY
we have
r3)re-y) 2
2TTIEE 2y
and

_T@re-y _ 6
I="Ta—y ~2-nG-1°

Theorem 2 is reduced to Theorem 3 for g, and g5 given by above equalities.

Theorem 3

Letg(z) =z+X -2 9nz™, (g, > 0) and let the function @(z) be given by @(z) =1 +
Y=z Bnz™. If the operator given by (4) belongs to M9, () , then
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|a3—ya§|
B,(2-v)(3-7) L+202,+d \™ u(2 —y);B? C+0,+d ™
6(n+2)(n+1) <£+2£(Al+lz)+d> _4(3—y)(n+1)2(€+€(11+12)+d) if< oy
B:2-y)3-7) 0+202,+d \" -
6(n+2)(n+1) (e +20(4 +4,) + d)
< Bl(Z—y)(S—y)< +202,+d )mifalsugaz;
6(n+2)(n+1) \£+266(A,+2,)+d
B,2-y)3-vy); £+28ri,+d \™ u@R-y)B:;, C+ei,+d ™
T em+2)(n+1) (e+ze(/11+,12)+d) 4(n +1)?2 (t’+t’(/11+lz)+d) ifu= o
_B%(Z—y)(S—y)( £+202,+d >'" -

6(m+2)(n+1) \+20(A, +1,) +d
where

g1

2B -p)@m+1)? ( P+201,+d )m £+ (A + 1) + d\*™ ((B, — By) + B>
T3R-ym+2)m+ D)\ +28(A +4,) +d e+, +d B> '

()

2B -p)@m+1)? ( £+261,+d )’" £+ 01+ A) + d\*™ ((B, + By) + B>
T3R-ym+2)m+ D)\ +28(A; +4,) +d e+, +d B> '

The result is sharp.
Remark 2

When ¢ = 1,1, = d = 0, the above Theorem 3 reduces to a recent result of Al-Shagsi
and Darus [(2008) Theorem 3.3, P. 440]. When m=n=1,=14,=d =0, =
1,B, = % ,B, = % the above Theorem 3 reduces to a recent result of Srivastava
and Mishra [(2000), Theorem 8, P.64] for a class of functions for which QY f(2) is a

parabolic starlike functions see [Goodman (1991) and R@nning (1993)] .
Conclusions

This paper determined the Fekete-Szeg6 inequalities for a normalised analytic function
. o .z paf @) . .
f () defined on the open unit disc for which —%2=——— lies in a region starlike
Dy ap6af @
with respect to 1 and that it is symmetric with respect to the real axis by using the

operator D/{‘l',’jfzj vaf (2). As a special case of this result, Fekete-Szeg0 inequality for a
class of functions defined by fractional derivatives has been obtained too.
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