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Editorial

We start this pioneering work, which do not seek perfection as much as aiming
to provide a scientific window that opens a wide area for all the distinctive pens, both
in the University of Sabratha or in other universities and research centers. This
emerging scientific journal seeks to be a strong link to publish and disseminate the
contributions of researchers and specialists in the fields of applied science from the
results of their scientific research, to find their way to every interested reader, to share
ideas, and to refine the hidden scientific talent, which is rich in educational institutions.
No wonder that science is found only to be disseminated, to be heard, to be understood
clearly in every time and place, and to extend the benefits of its applications to all,
which is the main role of the University and its scholars and specialists. In this regard,
the idea of issuing this scientific journal was the publication of the results of scientific
research in the fields of applied science from medicine, engineering and basic sciences,
and to be another building block of Sabratha University, which is distinguished among

its peers from the old universities.

As the first issue of this journal, which is marked by the Journal of Applied Science,
the editorial board considered it to be distinguished in content, format, text and

appearance, in a manner worthy of all the level of its distinguished authors and readers.

In conclusion, we would like to thank all those who contributed to bring out this effort
to the public. Those who lit a candle in the way of science which is paved by humans
since the dawn of creation with their ambitions, sacrifices and struggle in order to reach
the truth transmitted by God in the universe. Hence, no other means for the humankind

to reach any goals except through research, inquiry, reasoning and comparison.

Editorial Committee
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Publication instructions

The journal publishes high quality original researches in the fields of Pure Science,
Engineering and Medicine. The papers can be submitted in English or Arabic language
through the Journal email (jas@sabu.edu.ly) or CD. The article field should be
specified and should not exceed 15 pages in single column.

All submitted research manuscripts must follow the following pattern:

= Title, max. 120 characters. = Methodology.

= Author Name, Affiliation and Email = Results and Discussion.

= Abstract, max. 200 words. = Conclusion.

= Keywords, max. 5 words. = Acknowledgments (optional).
= Introduction. = References.

Writing Instructions:
Papers are to be submitted in A4 (200x285 mm) with margins of 25 mm all sides
except the left side, which should be 30 mm. Line spacing, should also be 1.15.

Table 1. Font size and style

Bold English Arabic
Font Style v Times New Roman Simplified Arabic
Article Title v 14 Capital 16
Authors Name v 12 14
Affiliation X 11 13
Titles v 12 14
Sub-Title v 12 13
Text X 12 14
Figure Title v 11 13
Table Title v 11 13
Equations v 12 14
Figures:

All figures should be compatible with Microsoft Word with serial numerals. Leave a
space between figures or tables and text.

References:

The references should be cited as Harvard method, eg. Smith, R. (2006). References
should be listed as follows:

Articles: Author(s) name, Year, Article Title, Journal Name, Volume and Pages.
Books: Author(s) name. Year. “Book title" Location: publishing company, pp.
Conference Proceedings Articles: Author(s) name. Year." Article title". Conference
proceedings. pp.

Theses: Author(s) name. Year. "Title". Degree level, School and Location.
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Invitation

The Editorial Committee invites all researchers "Lectures, Students, Engineers
at Industrial Fields" to submit their research work to be published in the Journal. The
main fields targeted by the Journal are:

e Basic Science.
e Medical Science & Technology.
¢ Engineering.

Refereeing

The Editorial Committee delivers researches to two specialized referees, in
case of different opinions of arbitrators the research will be delivered to a third referee.
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AFFECTION OF MOORE-PENROSE GENERALIZED INVERSE
ON MATRICES OF CUBIC COMPLETE GRAPH AND NON-
EMPTY REGULAR (COMPLETE ) GRAPH

Khadija Hassan!" and Asmaa M. Kanan?

Department of mathematics, Faculty of science, Sabratha university
* Khadija.abdelatif@sabu.edu.ly

Abstract

Background: The Moore-Penrose generalized inverse of a matrix was
introduced by E. H. Moore (Adi Ben-Israel, 2003) as the “general reciprocal” of a
matrix, and by Penrose (Ali Aziz Ali, 1983) as the "generalized inverse™" of a matrix.
This generalized inverse exists and is unique for every matrix (not necessarily square)
with complex elements. The definitions employed by Moore - Penrose, although not
identical, have been shown to be equivalent by Rado.

Methodology and aims: The aim of this paper is to discuss some new properties of a
non- empty regular graph, and non- empty cubic complete regular graph and some
properties of matrices of an incidence matrix F(G) of G. Also, we use the affection of
the Moore—Penrose Generalized Inverse (MPGI) of matrix F(G) (Adi Ben-Israel,
2003, B. Noble, 1976, S. L. Campbell, C. D. Meyer, 1979, Li Weiguo, et al., 2013),
we get to  F(G)(F(G))T = ((F(G)NHT(F(G))T, and we introduced some new
theorems and results.

Results and Discussion: Let G(V,E) be a non—empty cubic regular graph, then
(F(G))TF(G) = S(G) + T(G) — I. Anelement (i,j) of the matrix (F (G))TF(G) is
the product of the two rows i, j of the matrix ( F (G))T. That is (i,j) in the matrix
(F(G)TF(G) is deg(v;) — 1 in the graph, that is, deg(v;)-1=r1; 3 1;; €L
Additionally, If the number of vertices are even, then the resulting the graph are
discrete (disjoint) graph such that number of the Composites equals to g , Where |V| =

n.

Conclusion: Our hope that this paper will motivate further study of affection MPGI
of matrices of regular graphs when p > 3. Also on complete graphs when p > 3, and
on all graphs in general.

Keywords: Graph theory; matrices theory; complete graph; regular graph; and
Moore—Penrose generalized inverse.

63



Journal of Applied Science Issue (13) September (2024)

Introduction

Consider the matrices of the graph, the matrices of the complete graph, and the
matrices of the regular graph (Ali Aziz Ali, 1983, Berge C.,1962, Ramy Shahin, Sohil
Mahfod, 2011, Wilson, R. J., 1972). Then the product of the transpose incidence matrix
for the non-empty cubic complete (regular) graph (which is denoted by) with the
incidence matrix of is equal to the summation of the degree matrix with the edge-
adjacency matrix minus the identity matrix, which will be proved in theorem 2. And
by using theorems 1, 2, we get theorems 3, and 4. Also, we studied the generalized
affection of Moore-Penrose.

inverse of, and proved that a product of for the non-empty cubic complete (regular)
graph with Moore-Penrose generalized inverse for that matrix (denoted by) is equal to
Moore-Penrose generalized inverse of

(F(G))T (denoted by ((F(G)™T) product (F(G))T. Finally In theorem 5 we have
proven the possibility of some results generalization (In case p > 3, where p is the
degree of any vertex).

Preliminaries

Definition 1. (The Moore—Penrose generalized inverse (MPGI)) (S. L. Campbell, C.
D. Meyer, 1979).

If € C™¥™  then MPGI of A, denoted by AT, is the unique matrix in C™>™ such that:
(MP1) AATA=A,
(MP2) ATAAT = AT,
(MP3) (AAT)* = AAT,
(MPs) (ATA)* = ATA.
Where * denoted to transpose of matrix.
Note that, if the field is R, then * changes to the transpose.

Definition 2. A matrix E € C™™ which has rank r is said to be in row echelon form
if E is of the form:
E = ( Crxn ) ’
0(m—r)><n

here the elements c;; of ( C = C«, ) satisfy the following conditions
(E1) ¢j=0when>j.

(E) The first non-zero entry in each row of C is 1.

64



Journal of Applied Science Issue (13) September (2024)

(Es) If ¢;=1is the first non-zero entry of the ith row. then the jth column of C
is the unit vector e; whose only non-zero entry is in the ith position.

Definition 3. A matrix H € C**" is said to be in hermite echelon form if its elements
h;; satisfy the following conditions:

(h1) H is upper triangular (i.e. h; = 0 when i>j).

(hz2) hy; iseitherOor 1.

(h3) 1fh;=0,thenh; =0foreveryk, 1<k<n.

(hg) Ifh;;=1,thenhy; =0 foreveryk #i.

The next algorithm is applied for the square matrices .

Algorithm 1. (S. L. Campbell, C. D. Meyer, 1979)
To obtain the Moore — Penrose generalized inverse AT for a square matrix

A € Chxn

(I) Row reduce A* to its hermite form H,-

(1) Select the distinguished columns of A* . Label these columns v, ,v,, ...,V
and place them as columns in a matrix L .

(1) Form the matrix .

(IV) From I — Hyu+ and select the non-zero columns from this matrix . Label
these columns wy ,w , ..., W _r .

(V) place the columns of AL and the w;’s as columns in a matrix
M= (AL : wy } wy i+ i wy_.)and compute M~t . (In fact, the only
first rows r of M~ are needed ) .

(VI) Place the first r rows of M~ (in the same order as they appear in M~1) in

a matrix called R .

(VII) Compute AT as At= .

In the following we introduce an algorithm to compute Af; A € ¢™x™,

Algorithm 2. (S. L. Campbell, C. D. Meyer, 1979)
To obtain (MPGI ) of any A € C™* .

() Reduce A to row echelon form E, .
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(1) Select the distinguished columns of A and place them as the columns in a matrix
B in the same order as they appear in .

(111) Select the non-zero rows from E, and place them as rows in a matrix C in
the same order as they appear in E, .

(IV) Compute (C*)"tand (B*B)™!.

(V) Af=c*(CcCc)H 1(B*B)"'B*.

Definition 4. (Ali Aziz Ali, 1983, Eskander Ali, 2011, Hector Zenil, et al., 2014, Michael
Wemyss, 2012/2013, Ramy Shahin, Sohil Mahfod, 2011, Wilson, R. J., 1972) A graph G is
a non-empty finite set V of elements is called vertices with a set E of unordered pairs
of vertices is called edges.

Definition 5. (Ali Aziz Ali, 1983, Eskander Ali, 2011, Hector Zenil, et al., 2014, Michael
Wemyss, 2012/2013, Ramy Shahin, Sohil Mahfod, 2011, Wilson, R. J., 1972) The order of
a graph G is the number of its vertices.

Definition 6. (Ali Aziz Ali, 1983, Ramy Shahin, Sohil Mahfod, 2011) Lete = (u,v) be
an edge between the vertices v, then e is called a loop ifu = v.

Definition 7. A graph G is called a simple graph or a 1-graph if it’s without loops .

Definition 8. The degree of any vertex v in a graph G is the number of edges which
lay on it. The degree of any vertex v in a graph G denoted by deg(v;)

Definition 9. (Ali Aziz Ali, 1983) The graph G is called a complete graph if G is a simple
graph and all different vertices are adjacented.

Definition 10. The graph G is called r-regular graph if deg(v) =r forall v € G.
Note that:

1- Any complete graph is a regular graph.

2- The cubic graphs is a regular graph of third degree.

Definition 11. (Ramy Shahin, Sohil Mahfod, 2011) Let G( V, E ) be a graph with a set of
vertices V(G) = {vy,..,vp}, and a set of edges E(G) = {e;,..,eq} . The
adjacency matrix is a p X p matrix, Z( G ) = (z; ), where z; is the number of edges
that joint between v; and v;.

Definition 12. (Ramy Shahin, Sohil Mahfod, 2011) Let G( V, E ) be a graph with a set of
vertices V(G) = {vy,..,v, } and a set of edges (G) = {e;,..,eq }. The edge -
adjacency matrix is a q X g matrix S(G) = [s;; |, (for some i,j and s;; = 1 if e
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adjacent to e;, s;; = 0 when e; and e; are not adjacent). Note that the edge adjacency
matrix is symmetricand s;; = 0 foralli =1, ..., q.

Definition 13. (Ramy Shahin, Sohil Mahfod, 2011) A matrix F(G) = (f;; ) where f;; =
1 when the vertex v; lies on the edge e; , and f;; = 0 when the vertex v; does not lay
on the edge e; is called an incidence matrix. If the graph G (V,E ) does not contain

loops, then the summation of elements of every column equals two. Also, the
summation of elements of every row equals degree of vertex corresponding to that
row.

Definition 14. (Ramy Shahin, Sohil Mahfod, 2011) The degree matrix is a p X p matrix
T(G) = (t; ), where t;; = deg(v;) fori=1,2,..,pand t; = 0 wheni #j.

Definition 15. Let G (V, E ) be a simple graph. The complementary graph denoted by
G is a simple graph that its vertices are V(G) and its edges are all (u, v ) where (u, v)
are notan edgesin G(V,E) .

Definition 16. The graph g is called a sub graph of G (V,E) if the set of vertices of g
Is subset of V, and every edges in g is an edge in G.

Definition 17. Let G (V,E ) be a graph. If V can be divided into two subsets V; and
V, such that there is no edge exist joining vertices from V; to V, , then G called
disconnected graph, and we called all subgraphs which was connected on vertex sets
V; or V, by composite from G. Composites of G are the number of all sub graphs that
are connected and disconnected between themselves.

Theorem 1. (Ramy Shahin, Sohil Mahfod, 2011)
If G(V,E) is anon-empty graph, then
(F(G))TF(G) = Z(G) + T(G) .
3. The main results
Theorem 2. Let G(V, E ) be a non—empty cubic regular graph, then
(F(®))'F(G) =S(G) + T(G) — 1.
Proof :

An element (i,j) of the matrix ( F ( G))TF(G) is the product of the two rows i, j of
the matrix (F (G))T. Thatis (i,j) inthe matrix ( F ( G))TF(G) is deg(v;) — 1 in the
graph, Thatis, deg(v;)-1=r1; 2 1; € L.

Leti # j. Then we have two cases :
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(1) If e;,e; € E(G), then the element (i,j) is in the matrix (F(G))"F(G) equals to
1, because there is an adjacency between the edges e;,e; adjustment to 1, and it
expresses by the number of vertices which joins between them.

(2) Ife;,e; € E(G), thenthe element (i,j) in (F(G) )TF(G) equals to zero, because
there is no adjacency between edges e; , e;.

Finally, we get
(F(G))TF(G) =S(G) + T(G) — L.
Note that, if F(G) in the size p X p, and F(G) is symmetric ( F(G) = (F(G))T) , then:
(F(G®))TF(G) = S(G) + T(G) = Z(G) + T(G) .

Theorem 3. Let G(V,E) be a non—empty graph . If G is a complete graph (regular
graph) and ( F(G) )TF(G) = S(G) + T(G) — I, then

() deg(v)=220

.. b fij
(i) deg(v;)= ==
Proof:

T(G) is the degree matrix, and it is the diagonal matrix. It’s element t;; analogous to
the degree of the vertex i. Since S(G) is the edge—adjacency matrix Then, the
summation of entries of any row ( column ) equals the degree of the vertex analogous
to the row(column) i plus 1. That means, deg(v;) + 1. Elements of row (column) from
T(G) with row (column) the analogous from S(G), and by subtraction the row (column)
from I the corresponding to that row (column) to be the summation is double degree
of the corresponding vertex, division by 2 yields degree of vertex .

Theorem 4. Let G(V, E) be a non—empty graph, and
(F(G®))TF(G) = Z(G) + T(G) . Then

Qf]

()  deg(v)=-"—

(i) deg(v;)= %

Proof :
T(G) is a matrix of the degree and the matrix Z(G) is adjacency matrix

Thus, addition any row (column) equals to double degree of the vertex, division by 2
yields degree of the vertex.
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Theorem 5. Let G(V, E) be a non—empty regular graph then
det(T(G)) = (deg(vy)"

Where [V| = n, and det(T(G)) is the determinate of the matrix (T(G)).

Proof:

Since (T(G)) is a diagonal matrix. Then the product elements of diameter central equal
to determinate (T(G)).

(I, tii)=det(T(G))

On the other hand, (T(G)) is the degree matrix, that means t;; is a degree of the vertex
i. So G is a regular graph. Hence

det(T(G)) = (deg(vy)".

Corollary 1. deg(v;) = /det(T(G)) .
Theorem 6. Let G(V, E) be a non—empty regular completely cubic graph. Then
F(G)(F(G)" = ((F(G)HNHT(F(G)T .
Proof : (F(G)MT(F(G)T=((F(G)NT(F(G))T (from properties of MPGI)
= (F(G)FG)NT=F(G)(FG)T.

Example 1. consider the following graph G,

™y V2
E1
€s
E4
€3
Uy G g
Figure (1)

where:
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0 1 1 1
117 0 1 1
Z(G) = 11 0 1|’
1 1 1 0
0 1 0 1 1 17
1 01 0 1 1
10 1. 0 1 1 1
S®=17 01 1 1 1|
11 11 00
1 111 0 O
1 0 0 1 0 1]
1171 0 0 1 0
FO=19 11 0 0 1|
0 0 1 1 1 0l
3 0 0 0
10 3 0 O
T(G) = 0 0 3 0}
0 0 0 3
We find that
1 0 0 O
+_10 1. 0 O
0 0 0 1
Also,
1 0 0 O
Tyt T_|0 1 0 0
(FGNMI(EG)T™=g o I 9|
0 0 0 1

Corollary 2. If G a cubic complete graph Then FFT = I( (This means that
FF' =2T)).
Remark :

Note that, the last theorem is right too for the cubic regular graph, but the resultant was
matrix with non-integer real entries for some cases. And not necessarily equals that 1.

Results :
Let G(V, E) be a non—empty regular completely graph and

F(G)(F(G))T = ((F(G)DHT(F(G))T whereupon, then
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(1) If the number of vertices are even, then the resulting the graph are discrete (disjoint)
graph such that number of the Composites equals to g , Where |V| = n.

Example 2. From example (1) the resulting graph will be denoted by ] is as the Figure
().

(N vy vy vz 1 7
¢ o 3
E1
€4 €
Y - @ es ar -
Vs 3 V3 () Vg
J ] vg | U
Figure (2)

(2) If (1) is actualize then the complementary graph G for the resultant graph from
F(G)(F(G))T = ((F(G)DHT(F(G)T is aregular graph .

Example 3. From example (1), the complementary graph G for the resultant graph J in
example (2) is given in Figure (3).

v Uy (=51 Vg 7y 1]
® ey €1
or or ‘ €s
. €4 gs
23
vy Vg Vg Vg
G i}
G
Figure (3)

(3) The complementary graph G in point (2) degree every vertices equal (deg(v;) — 1),
where deg(v;) is the degree of vertex v; in the graph G.

(4) The union of the complementary graph G and the resultant graph from
F(G)(F(G))T = ((F(G)DT(F(G))T gives the graph G, that is

JUG=G.
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(5) In previous points (from (1) to (4)) it is not necessarily that deg(v;) = 3.

Recommendations

We hope that this paper will be induced further study of effect MPGI of matrices of
regular-graphs when p > 3. As well on complete-graphs when p > 3, also on all
graphs in general.
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