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Abstract

The main objective of this study was to study some inclusion properties for
subclasses of analytic univalent functions introduced by using the technique of

subordinations on generalized derivative operator; Dzk1 izﬁ areinvestigated.
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Introduction

Inclusion properties for generalized differential operator have been studied earlier by
many different authors. Darus and Ibrahem (2009) have studied some inclusion
properties for generalized derivative operator and we are using their methods to define
new subclass and investigate the various inclusion properties of these subclasses.

Let A be the subclass of H consisting of functions that take the form given by f(z) =
z+ Yo_,a,z™ and use the derivative operator which was provided by Lsheli and
Alargat (2021):

n< _ a k
Dk P f(2) = “Zl t o D @

B+ (n—1)nka,
Note that in Lemma 1.1 (Darus & Ibrahim, 2009) Let f € A.Then
(i) DO“ﬂf (z)=f(z).
(i) D of (z)=12f (2).

(III) Dk+zo;f’f (Z) (1 %)[Dkaﬁf (Z) @ 022( )]—G—ZlZ[Dkaﬂf (Z) wl;{ﬁ( )]
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Let F and G be analytic functions in the unit disk U. The function F is subordinate
to G ,written F <G, if G isunivalent, F(0) =G (0) and F (U )<G (U ). Ingeneral,

given two functions F and G, which are analytic in U the function F , is said to be
subordinate to G(z) in U if there exists a function h, analytic in U with

h(0)=0 and |h(z)|<1 for allz U
such that

F(z)=G(h(z)) forallz eU.

Letd:C* > C and h be univalent inU.If pis analytic in U and satisfies the
differential subordination ¢(p (z).zp (z ))< h(z), then p is called a solution of
the differential subordination. The univalent function (is called a dominant of
solutions of the differential subordination, p<q.If pand ¢(p(z).zp'(z)) are
univalent in U and satisfy the differential superordination h (z )< ¢(p(z).zp'(z)),

then p is called a solution of the differential superordination. An analytic function {
is called subordinant of the solution of the differential superordination if g < p. Let

@ be an analytic function in a domain containing f (U ),®(0)=0 and ® (0)>0.

Let y be classes of all functions 4 which are analytic and univalent in U for which
#(U )is convex wit ¢(0) =1 and R{#}>0 for z eU. Making use of the principle

of subordination between analytic functions, we introduce subclasses S~ (x;¢) and

C (u; ¢) of theclass A for ;>0 and ¢ e N which are defined by

s*(ﬂ;¢):{f A - L(Zf—(z) ,u]<¢(z ).z GU}

1-ul f(2)

C*(ﬂ;¢)={f eA 1ﬂ(1+sz."((zz)) —,u]<¢(2),z eu}

and

Q (wfiby)=1{f A :3g S (ud)st. — [1+Zf I(Z)—ﬂ]w/(z),z U}
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Next by using the operator D f (z), we introduce the following classes of analytic

functions
S Y (uip)={f cADNYH (2)eS”(uih)
and
C " (1:9)={t <ADYf (2)eC™ (i)}
and

Q (. Bipw)={f €ADYYE (2)eQ" (. Bipw )}

f(z)eC(mg)ezf (2)eS (u9).

In this paper, we investigate several inclusion properties of classes
“ s () .C “ 7 (mg) and Q “ 7 (w, i,y ) associated with the differential

operator D k - ﬂf ( ) For this purpose, the following results are needed in the sequel.

Lemma 1.2 (Eenigenburg, Miller, Mocanu & Reade, 1983) Let 4 be convex
univalentin U with ¢(0) =1 and R {k¢(z )+v }>0 for k v e C. If p is analytic in
U with p(0) =1, then

p(z)+%<¢(z), z eU,

implies that

P(z)=4(2),

Lemma 1.3 (Miller & Mocanu, 1981) Let 4 be convex univalent in U and @ be
analytic in U with R{e}>0. If p isanalyticin U with p(0)=¢(0), then.

p(z)+o(z)zp (2)<¢(2)

implies that

p(z)<¢(z),z eU.
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Inclusion Properties

In this section, we establish inclusion properties of the subclasses s "Z‘i(y;;b),

C k:i (1;¢),and Q k;i (1, B¢,y ) - Inview of Lemma 1.3, we prove the following

result:

Theorem 2.1 Let K €Ny, f2a >0 and 4, 24 20. Thenfor x>0 and ge N

S (md) =S L ().
Proof: Toshow that s **7 (u;¢) =S “"/ (1;9). Let £ es "7 (u;¢) and set
K.a.p VY NN
1 |2\D5T (2)*e,,(2)
p(z)= | 5 )—u, @

1-p| DY/f (2 )*golgfjj(z)

where p(z) is analyticin U with p(0)=1. By applying Lemma 1.1 (iii) and (2), we
have

1 1

% D (Z)_(Z_l) D (2)*0 sl (2)]

p(Z)_l—/J Dkﬂ,laﬂff (Z )*§Dlz£(z) —H
1 Dk+l.a,ﬁf (Z) 1
1— —| = Al (=) -y,
N e T ol
So

AL ] BT 3
(ﬂljD:ﬁff O R T i ©

Taking the logarithm differentiation on both sides of (3) and multiplying byz, we have

1)_ DU (o) (14
log | — iy | . 1)
Ogm%faff 0 I i e

Left side:
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A

+l.a, a. * la.p
() N ) D e
k'a. .
D 11,15f (z )*¢ o, (Z) (1][) k+zaiff (Z)

D*ft (2)*¢ ", (2 )(1J[D Lt (2)] _UJD L ()DL (2) %0 (2)]

X

A
[D% (2)*0 s, (2)F

DS ()%, (2)[D el ()] DR (@)D (2)*e ) ()]
DLSf ()@Y (2)*0 el (2)) D N/f ()Y (2)*0 ') (2))

[D s (2)] [DYF (2)*0"s) ()]

D) D))

Right side:

log p (z )(1‘“){%_1}#: (2 )(f_(:))il({)—l}u |

Now by equalizing both sides we have and multiplying them by z we have

[D* ()] Y ()0 @] pl(z)(-n)

DY (2) DN ()0l () p(z)(l_ﬂ)+[1_1]+ﬂ

L [[o*ses (2)] ] 2p'(2)
ot —p(z)+y = ,
1—#{ PRWANCY p(z)(l_ﬂ){i—ljuz
1 [[p st (2)] ] 2p'(2)
Ty —p(z)+u|= , 4
1‘#{ Dt ( p(z)(l—y)+[i—1]+ﬂ

Applying Lemma 1.2 to (3), it follows that p(z )< ¢, thatis f S S (9).
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Theorem. 2.2 Let kK €Ny, f2a 20, and 4, >4 >0. Then for x>0 and g e N

C W (u;4) <C 27 (11;9).

Proof: By applying (1) and Theorem 2.1, we observe that

¢ cc k+1;£(ﬂ;¢)<:>D L (2)eCl(ws9)

e z2[D*F (2)] €S™(u;4)

& D Mo (2)] €S” ()
e [zf (2)] €8 " (wig)

S D e (2)] €57 ()
& 2[DF (2)] €S (u9)
& Dt (2)eC (i)

e f eC " (wg).

Therefore, C k*ﬂi’ff(u;¢) cC kﬁf(u;@. This completes the proof.

1+Az

Taking ¢(z )—

have the foIIowmg result.

,—1<B <A <1 z €U in Theorem 2.1 and Theorem 2.2, we

Corollary 23 Let keNy, f2a20, and 4,24 20. Then fory>0 and
-1<B <A1

k+l”’ﬁ( ;A,B)c Skiz(y;A,B)

and

C P (u;A,B)=C " (1;A,B).
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Next by Lemma 1.3, the following inclusion relation for the class are obtained
k.o, ﬁ( ﬂ ¢)

Theorem 2.4 Let KeNy, f>2a>0, and 4,>42>0. Then for . p>0 and
¢,y eN

QN (1 Bid)=Q 7 (1. 8:9)

Proof: Let f eQ "/ (u, ;¢). Thenthere exists g S “ ™ (1;¢) such that

1 [D k+1.a,ﬂf (Z ):I

1- B Dk+laﬁg( )

-B|<w(z), zeU.

Set

1 [2[o (@)l (2)]

1-p D9 (2)

p(z)=

—B | Q)

where p(z) is analytic in U with p(0)=1. Applying Lemma 1.1 (iii) and (5), we
obtain

[(1 IB +IB:|Dkaﬂ )
:GjDkiﬁ’ff (z)—(%‘l)D”ﬁf (2)* 0’ )

By differentiating on both sides and multiplying by z, we have

(1-p)p (2)2 D0 (z)+pz[D g (2)]
:(%]Z[Dk““ﬁf (2)] - /711 ~Nz [DYf (2)*0 57 (2)]. (6)

Since g €S (,u ).

in view of Theorem 2.1, g €S “*” (u:¢).
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Let

1 [2[pYYe(2)]
q(z)_l—,u ijlazfg (Z) —H| (7)

where ( is analytic in U with q(0) =1. Applying Lemma 1.1 (iii) and (7), we obtain

1 e 1 @

L | Pl (2)-( DD e (2)

q(z)=——| A A —ul,
1-u D%7a(z)

D k+la,p
o))~ 25

So

(L0 ey (L) ®

4 ) DYe(z)

From (6) and (8), we have

. { [D*5/1 (2 ﬂﬁj‘p(z)* 20’ (2)

1-5 Dk+1z;0fﬁfg () q(z )(l—u)+(i—1]+/l.

Since g < ¢ and R{q(z )(1—,u)+(%—lj+,u >0, by Lemma 1.3, we have p <y so
that f €Q kZ’i(y,,B;qﬁ,y/).

References

e A Ishile, Malargat (2021). Some Properties of a Class of Analytic a Functions
Involving a New Generalized Differential Operator. Journal of Alasmarya University:
Basic and Applied Sciences, Vol. 6, No. 3 (September 2021) pp:128-139.

e Darus, M. & Ibrahim, R. W. (2009). On inclusion properties of generalized integral
operator involving Noor integral. Far East Journal of Mathematical Sciences 33(3):
309-321.

22



Journal of Applied Science Issue (10) April (2023)

Eenigenburg, P. Miller, S. Mocanu, P. and Reade, M. (1983). On a Briot-Bouquet
differential subordination, general inequalities. Internat. Schriftenreihe Numer.
Mathematics 64: 339-348.

Miller, K.S. & Ross, B. (1993). An introduction to the fractional calculus and
fractional differential equations. John-Wiley and Sons.

Ruscheweyh, S. (1982). Convolutions in geometric function theory. Les Presses de I’
Univ, de Montreal.

Ruscheweynh, S. and Sheil-small, T. (1973). Hadamard product of schlicht functions
and the Ploya-Schoenberg conjecture. Comment Mathematics 48: 119-135.

23



