
Journal of Applied Science                              Issue (10)    April (2023) 

15 

INCLUSION PROPERTIES FOR SUBCLASSES OF ANALYTIK 

FUNCTION BASED ON GENERALIZED DERIVATIVE 

OPERATOR 

 

Maha Mohammed Al Tahir1, Afaf Abubakir Alsheli2*, and Mohaned Omer 

Alkabear3 

1,3 University of Sabratha, Faculty of Engineering Department\General-Eng, Sabratha, Libya 
2 University of Sabratha, Faculty of Education Zolton Department\ Mathematics Sabratha, 

Libya 
* afafmh72@yahoo.com 

 

Abstract 

The main objective of this study was to study some inclusion properties for 

subclasses of analytic univalent functions introduced by using the technique of 

subordinations on generalized derivative operator; 𝐷𝜆1,𝜆2
𝑘 ,𝛼 ,𝛽areinvestigated. 
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Introduction 

Inclusion properties for generalized differential operator have been studied earlier by 

many different authors. Darus and Ibrahem (2009) have studied some inclusion 

properties for generalized derivative operator and we are using their methods to define 

new subclass and investigate the various inclusion properties of these subclasses. 

Let 𝐴 be the subclass of  consisting of functions that take the form given by 𝑓(𝑧) =

𝑧 + ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=2  and use the derivative operator which was provided by Lsheli and 

Alargat (2021): 

𝑫𝝀𝟏𝝀𝟐
𝒌,𝜶 ,𝜷

𝒇(𝒛) =  𝒁 +∑ [
𝒏𝜶 + (𝒏 − 𝟏)𝒏𝜶𝝀𝟏
𝒏𝜷 + (𝒏 − 𝟏)𝒏𝜷𝝀𝟐

]

𝒌

𝒂𝒏𝒛
𝒏

∞

𝒏=𝟐

                        (𝟏) 

Note that in Lemma 1.1 (Darus & Ibrahim, 2009) Let Then 

(i) ( ) ( )
1 2

0, ,

, .D f z f z 

  =  

(ii) ( ) ( )1,1,0 '

0,0 .D f z zf z=  

(iii)  

H

.f A

( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 22 2

1. . 1. .1. , . . . . '

, 1 , 1 ,0, 0,
1 [ * ] [ * ] .k k kD f z D f z z z D f z z

        

      
   + = − +
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Let  and  be analytic functions in the unit disk U. The function  is subordinate 

to , written  if  is univalent,  and  In general, 

given two functions  and , which are analytic in U the function , is said to be 

subordinate to  in  if there exists a function h, analytic in U with 

 

such that 

( ) ( )( )        .F z G h z for all z U=   

Let  and ℎ be univalent in If is analytic in U and satisfies the 

differential subordination ( ) ( )( ) ( )',  ,p z zp z h z  then  is called a solution of 

the differential subordination. The univalent function is called a dominant of 

solutions of the differential subordination, If and  are 

univalent in  and satisfy the differential superordination  

then is called a solution of the differential superordination. An analytic function 

is called subordinant of the solution of the differential superordination if  Let 

 be an analytic function in a domain containing  and  

Let N be classes of all functions  which are analytic and univalent in  for which 

is convex wit  and  Making use of the principle 

of subordination between analytic functions, we introduce subclasses  and 

 of the class  for  and  which are defined by 

( )
( )

( )
( )

'

* 1
;   :   –  , 

1

zf z
S f A z z U

f z
   



   
=     −   

 

( )
( )

( )
( )

''

*

'

1
;   : 1  –  , 

1

zf z
C f A z z U

f z
   



   
=  +    −   

 

and

( ) ( )
( )

( )
( )

'

* * 1
, ; , {  : ;   . .   1  –  , }

1

zf z
Q f A g S s t z z U

g z
       



 
=    +   −  

 

F G F

G ,F G G (0) (0)F G= ( ) ( ). F U G U

F  G F

( )G z U

( )  0 0        ( ) 1        h and h z for all z U=  

2  :  →C C  .U p

p

q

.p q p ( ) ( )( )', p z zp z

U ( ) ( ) ( )( )',  ,h z p z zp z

p q

.q p

Φ ( ) ( ), Φ 0 0f U =
'Φ (0) 0.

 U

( )U   (0) 1 =   0       .R for z U  

( )* ;   S  

( ; )C   A 0   N
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Next by using the operator , we introduce the following classes of analytic 

functions 

( ) ( ) ( )
1 21 2

. . . , *

,,
; {  ,  ; }

k kS f A D f z S
   

  
   =  

 

and  

( ) ( ) ( )
1 21 2

. . . . *

,,
; {  , ; }

k kC f A D f z C
   

  
   =    

and 

( ) ( ) ( )
1 21 2

. . . . *

,,
, ; , {  ,   , ; , }.

k kQ f A D f z Q
   

  
       =    

( ) ( ) ( ) ( )* ' *  ; ; .f z C zf z S       

In this paper, we investigate several inclusion properties of classes 

 and  associated with the differential 

operator  For this purpose, the following results are needed in the sequel. 

Lemma 1.2 (Eenigenburg, Miller, Mocanu & Reade, 1983) Let  be convex 

univalent in  with  and  for  If is analytic in 

with  then  

( )
( )

( )
( )

'

,     ,
zp z

p z z z U
kp z v

+ 
+

 

implies that  

( ) ( ) ,     .p z z z U   

Lemma 1.3 (Miller & Mocanu, 1981) Let  be convex univalent in  and  be 

analytic in  with  If  is analytic in with  then. 

( ) ( ) ( )' ( )p z z zp z z +  

implies that 

( ) ( ) ,   .p z z z U   

1 2

. ,

,  ( )kD f z 

 

( ) ( )
1 2 1 2

, , , ,

, ,
; ,  ;

k k
S C

   

   
    ( )

1 2

, ,

,
, ; ,  

k
Q

 

 
   

( )
1 2

, ,

, .kD f z 

 



U (0) 1 = ( )  0R k z v +  , .k v   C p

U (0) 1,p =

 U 

U { } 0.R   p U ( ) ( )0 0 ,p =
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Inclusion Properties 

In this section, we establish inclusion properties of the subclasses 

, and . In view of Lemma 1.3, we prove the following 

result: 

Theorem 2.1 Let  and  Then for  and  

( ) ( )
1 2 1 2

1, , , ,

, ,
; ; .  

k k
S S

   

   
   

+
  

Proof: To show that Let  and set 

( )
( ) ( )( )
( ) ( )

1 2 2

1 2 2

'
1. .. .

, 0,

1. .. .

, 0,

*1
      , 

1 *

k

k

z D f z z
p z

D f z z

  

  

  

  




 

 
 

= − −
  

                   (2) 

where  is analytic in  with  By applying Lemma 1.1 (iii) and (2), we 

have  

( ) ( ) ( )

( ) ( )

1 2 1 2 2

1 2 2

1. .1. , . ,

, , 0,
1 1

1. .. .

, 0,

1 1
   (  1) [ * ]

1
( )

1 *

k k

k

D f z D f z z

p z
D f z z

    

    

  

  


 


 

+ 
− − 

 = −
−  

  

 

( )( )
( )

( ) ( )
1 2

1 2 2

1. ,

,

1. .. .
1 1, 0,

1 1
1 (  1) ,

*

k

k

D f z
p z

D f z z

 

 

  

  

 
 

+
 

− = − − − 
 

 

So 

( )

( ) ( )
( )( )1 2

1 2 2

1. ,

,

1. .. .
1 1, 0,

1 1
1   1 .

*

k

k

D f z
p z

D f z z

 

 

  

  

 
 

+
   

= − + − +   
   

                 (3) 

Taking the logarithm differentiation on both sides of (3) and multiplying by𝑧, we have 

( )

( ) ( )
( )( )1 2

1 2 2

1. ,

,

1. .. .
1 1, 0,

1 1
  1   1 .

*

k

k

D f z
log log p z

D f z z

 

 

  

  

 
 

+
   

= − + − +   
   

 

Left side: 

( )
1 2

, ,

,
; ,

k
S

 

 
 

( )
1 2

, ,

,
;

k
C

 

 
  ( )

1 2

, ,

,
, ; ,  

k
Q

 

 
   

0 ,   0k    N 2  1  0.   0   N

( ) ( )
1 2 1 2

1, , , ,

, ,
  ; ; . 

k k
S S

   

   
   

+
 ( )

1 2

1, ,

,
  ;

k
f S

 

 
 

+


( )p z U (0) 1.p =
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( ) ( )

( )

1 2 2

1 2

1. .. .

, 0,

1. ,

,

1

*

1

k

k

D f z z

D f z

  

  

 

 





+ 
 
 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 2 1 2 1 2 1 22 2

1 2 2

1. . 1. .. . 1. , ' 1. , . . '

, , , ,0, 0,
1 1

1. .. . 2

, 0,

1 1
* [ ] [ * ]

[ * ]

k k k k

k

D f z z D f z D f z D f z z

D f z z

          

        

  

  

 
 



+ +   
−   

     

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
1 2 1 2 1 2 1 22 2

1 2 1 2 1 2 1 22 2

'1. . 1. .. . 1. , 1. , . . '

, , , ,0, 0,

1. . 1. .1. , . . 1. , . .

, , , ,0, 0,

* [ * ]

( * ) ( * )

k k k k

k k k k

D f z z D f z D f z D f z z

D f z D f z z D f z D f z z

          

        

          

        

 

 

+ +

+ +

 
 

= −  

( )

( )

( ) ( )

( ) ( )
1 21 2 2

1 2 1 2 2

' 1. .. . '1. ,
,, 0,

1. .1. , . .
, , 0,

[ * ]
.

*

kk

k k

D f z zD f z

D f z D f z z

   
   

    
    





+

+

 
 = −  

Right side: 

( )( )
( )( )

( )( )

'

1

1

11
log 1   1    .

1
1   1

p z
p z

p z


 


 



− 
− + − + = 

   − + − + 
 

 

Now by equalizing both sides we have and multiplying them by 𝑧 we have  

( )

( )

( ) ( )

( ) ( )

( )( )

( )( )

1 21 2 2

1 2 1 2 2

' 1. .. . '1. , '
,, 0,

1. .1. , . .
, , 0,

1

[ * ] 1
,

1*
1   1

kk

k k

D f z zD f z p z

D f z D f z z
p z

   
   

    
    

 


 



+

+

  −  − =
 

− + − + 
 

 

( )

( )
( )

( )

( )( )

1 2

1 2

'
1. , '

,

1. ,

,

1

 1
,

1 1
1   1

k

k

D f z zp z
p z

D f z
p z

 

 

 

 




 


+

+

  
  − + =
 −  

− + − +   
 

 

( )

( )
( )

( )

( )( )

1 2

1 2

'
1. , '

,

1. ,

,

1

 1
,

1 1
1   1

k

k

D f z zp z
p z

D f z
p z

 

 

 

 




 


+

+

  
  − + =
 −  

− + − +   
 

               (4) 

Applying Lemma 1.2 to (3), it follows that  that is ( )
1 2

, ,

,
; . 

k
f S

 

 
   

( )

( ) ( )
1 2

1 2 2

1. ,

,

1. .. .
1 , 0,

1

*

k

k

D f z
log

D f z z

 

 

  

  
 

+
 

= 
 

( ) ,p z 
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Theorem. 2.2 Let  and  Then for  and  

1 2 1 2

1, , , ,

, ,( ; ) ( ; ).k kC C   

      +   

Proof:  By applying (1) and Theorem 2.1, we observe that  

( ) ( )
1 21 2

1, , 1, , *

,,
;   ( ; )

k kf C D f z C
   

  
   

+ +    

 

 

 

 

 

 

 

Therefore,  This completes the proof. 

Taking  in Theorem 2.1 and Theorem 2.2, we 

have the following result. 

Corollary 2.3 Let  and  Then for  and 

 

( ) ( )
1 2 1 2

1, , , ,

, ,
; , ; ,   

k k
S A B S A B

   

   
 

+
  

and  

1 2 1 2

1, , , ,

, ,( ; , ) ( ; , ).k kC A B C A B   

    +   

0 ,    0, k    N
2 1 0.   0   N

( )
1 2

1, , ' *

,[ ] ( ; )kz D f z S 

   + 

( ) ( )
1 2

1, , ' *

, [ ] ;kD zf z S 

   + 

( ) ( )
1 2

, ,'

,
[ ] ;           

k
zf z S

 

 
  

( ) ( )
1 2

, , ' *

, [ ] ;     kD zf z S 

    

( ) ( )
1 2

, , ' *

,[ ] ;    kz D f z S 

    

( )
1 2

, , *

, ( ; )       kD f z C 

    

( )
1 2

, ,

,
; . 

k
f C

 

 
  

1 2 1 2

1, , , ,

, ,( ; ) ( ; ).k kC C   

      + 

( )
1

,   1 1,  
1

Az
z B A z U

Bz


+
= −    

+

0 ,    0, k    N
2 1 0.   0  

1 1 B A−   
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Next by Lemma 1.3, the following inclusion relation for the class are obtained

 

Theorem 2.4 Let  and  Then for  and 

 

( ) ( )
1 2 1 2

1, , , ,

, ,
, ; , ; .

k k
Q Q

   

   
     

+
  

Proof: Let  Then there exists  such that  

( )

( )
( )1 2

1 2

'
1. ,

,

1. ,

,

1
,     .

1

k

k

z D f z
z z U

D g z

 

 

 

 

 


+

+

  
  − 

 −
 

 

Set 

( )
( ) ( )

( )
1 2 2

1 2

'
1. .. ,

, 0,

. ,

,

*1
,  

1

k

k

z D f z z
p z

D g z

  

  

 

 






  
  = − −  
 

                                 (5) 

where  is analytic in  with  Applying Lemma 1.1 (iii) and (5), we 

obtain  

( ) ( ) ( )
1 2

. ,

,1 kp z D g z 

  − +    

( ) ( ) ( )
1 2 1 2 2

1. .1. , . ,

, , 0,
1 1

1 1
(  1)  * .k kD f z D f z z

    

    


 

+ 
= − − 
 

 

By differentiating on both sides and multiplying by 𝑧, we have  

( ) ( ) ( ) ( )
1 2 1 2

' . , . , '

, ,1   [ ]k kp z z D g z z D g z   

    − +  

( ) ( ) ( )
1 2 1 2 2

1. .1. , ' . , '

, , 0,
1 1

1 1
[ ] (  1)  [ * ] .  k kz D f z z D f z z

    

    


 

+ 
= − − 
 

                   (6) 

Since  

in view of Theorem 2.1,  

( )
1 2

, ,

,
, ; .

k
Q

 

 
  

0 ,   0,k    N 2 1  0.   , 0   

  ,  N

( )
1 2

1, ,

,
  , ; .

k
f Q

 

 
  

+
 ( )

1 2

1, ,

,
;  

k
g S

 

 
 

+


( )p z U (0) 1.p =

( )
1 2

, ,

,
; . 

k
g S

 

 
 

( )
1 2

, ,

,
; . 

k
g S

 

 
 
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Let    

( )
( )

( )
1 2

1 2

'
. ,

,

. ,

,

1
   , 

1

k

k

z D g z
q z

D g z

 

 

 

 




  
  = −

 −
 

                                       (7) 

where  is analytic in  with  Applying Lemma 1.1 (iii) and (7), we obtain  

( )
( ) ( )

( )

1 2 1 2

1 2

1. , . ,

, ,

1 1

. .

,

1 1
     (  1) 

1
,

1

k k

k

D g z D g z

q z
D g z

   

   

 

 

 




+ 
− − 

 = −
−  

  

 

( )( )
( )

( )
1 2

1 2

1. ,

,

. .

1 , 1

1 1
1 (  1) ,

k

k

D g z
q z

D g z

 

 

 

 

 
 

+
 

− = − − − 
 

 

So 

( )

( )
( )( )1 2

1 2

1. ,

,

. .

1 , 1

1 1
     1 1        

k

k

D g z
p z

D g z

 

 

 

 

 
 

+
   

= − + − +   
   

                    (8) 

From (6) and (8), we have 

( )

( )
( )

( )

( )( )

1 2

1 2

'
1. , '

,

1. ,

,

1

 1
.

1 1
1   1

k

k

z D f z zp z
p z

D g z
q z

 

 

 

 




 


+

+

  
  − = +

 −  
− + − +   

 

 

Since  and  by Lemma 1.3, we have  so 

that   
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